Two phases of the noncommutative quantum mechanics 
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We consider quantum mechanics on the noncommutative plane in the presence of magnetic field B. 
We show, that the model has two essentially difi'erent phases separated by the point B6 — ch^ /e, 
where is a parameter of noncommutativity. In this point the system reduces to exactly-solvable 
one-dimensional system. When k = 1 ~eB9/ch^ < there is a finite number of states corresponding 
to the given value of the angular momentum. In another phase, i.e. when k > the number of 
states is infinite. The perturbative spectrum near the critical point k = is computed. 
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Introduction 

Recently some interest to quantum mechanics on non- 
commutative space (noncommutative quantum mechan- 
ics) arose, inspired by the development of string theory 
[0 . Beyond the string theory meaning such model mod- 
els also appear in various systems describing spinning 
particles. They serve for the study of one-particle sec- 
tors of noncommutative field theories arising from string 
considerations, Quantum Hall effect, and general phe- 
nomenological impacts of the noncommutativity [^- [^. 
In particular in refs. noncommutative Landau prob- 
lem on plane, sphere and torus have been considered. A 
"critical point" was observed in these models when the 
density of states becomes infinite (see also [|l^). From 
the algebraic point of view it corresponds to the degener- 
acy of the representation of the Heisenberg algebra ITT] . 

The noncommutativity of coordinates is implemented 
by the relation. 



[X , X-' 



(1) 



where 0^^ are c-numbers with the dimensionality 
(length) -2. 

In the case when [pi,pj] — 0, the noncommutative 
quantum mechanics reduces to the usual one described 
by Schrodinger equation 



H{p,x)^{x) = £'*(x), where F 



O'^Pj. (2) 



Hence, the difference between noncommutative and ordi- 
nary quantum mechanics consists in the choice of polar- 
isation only. 

In this note we consider a two-dimensional noncommu- 
tative quantum mechanical system with arbitrary central 
potential in the presence of constant magnetic field B. It 
is given by the Hamiltonian, 



7i = f-+y(ixn 



(3) 



where the operators p, x obey the commutation relations 



[x\x^ 



iM), [pi,P2] = i-B, 
c 



(4) 



we assume 9 > Q. 

In the absence of magnetic field, i? = 0, the leading 
part of Hamiltonian for large noncommutativity param- 
eter 6 is given by the potential term, while the remaining 
part can be considered as a perturbation p3[ | . 

In what follows we show, that in the presence of mag- 
netic field one has a parameter 



1 



eB 

— 2' 

ch 



which can be made small for arbitrary ( 
proper value of _B. At the critical point, 

K = 0, 



(5) 

by choosing a 



(6) 



the model becomes exactly solvable. This allows to de- 
velop the perturbative analysis for the small k (and ar- 
bitrary 6). 

Surprisingly, it appears that the global properties of 
the model are qualitatively different for either k is pos- 
itive or negative. Although the perturbative analysis is 
applicable for both cases, for negative k we can find some 
energy levels exactly. 



The model 

Let us consider the system (||,||) in more details. For 
this purpose let us split the algebra (Q) in two indepen- 
dent subalgebras and pass to the operators tt^ and x^ 
satisfying the following relations 



[-Ki^x'] = 0, [7ri,7r2] 



-K. (7) 



The [x, x] -commutator is given by Eq. (Q). 

In terms of these operators the Hamiltonian (H) reads 



■n2X 



+ n|xp). (8) 
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As one can see, there is a "critical point" for 
K = ^ B = ch^/eO. 



(9) 



At this point operators tt^ belong to the center of quan- 
tum algebra, and consequently, are constant ones. Thus, 
the system becomes effectively one-dimensional. Also, 
from the requirement of rotational invariance it follows 
that 



TT, = ^ W = 



(10) 



For this Haniiltonian it is easy to find the exact energy 
spectrum, 

4°^ = ^'^"^y^^^ +m2n + l)), n = 0,l,... (11) 

Consider now the case of nonzero k. In this case it 
is convenient to introduce the creation and annihilation 
operators 



6± = 



'2e ' n 

with the following non-zero commutators 

[a^,a^] = l, [6^, 6^] = — sgn K . 



(12) 



(13) 



In terms of these operators the Hamiltonian (g) is of the 
form 



n 



n9 



{b+b- + b-b+) 



{b+a- - a+b~) + 



(14) 



S.^(a+a -I- a a+) + 4^\n 

^ 2jre + Vi0ia+a- + a~a+)). 



The rotational symmetry of the system corresponds to 
the conserved angular momentum given by the operator. 



2 J = a+a- - sgn k b+b^ , [U, J] = 0. 



(15) 



As it can be seen, when k < 0, the system is naturally 
formulated in terms of representations of the algebra Q = 
su{2). For K > 0, one has instead representations of 
Q — su{\, 1). The generators of theses algebras are given 
by following operators, 

i± = 6=Fa±^ L3 = i(a+a- -1- sgn k6+&-). (16) 

It is worthwhile to note, that the angular momentum 
of the system given by (|l5|), define the Casimir operator 
of the algebra Q 



J {J + sgn k)^LI + -^i^ 



{L+L^+L^L+). (17) 



According to above, the Hilbert space splits in the irre- 
ducible representations (irreps) of the algebra Q which 
are parameterized by the eigenvalues of J. Inside an ir- 
rep one can introduce the basis labelled by the eigenvalue 
of L^. As a result we have the orthonormal basis in the 
Hilbert space consisting of states 



\J,1) = 



{a+y+^{b+y-^ 



|0,0), 



(18) 



where j and / are eigenvalues of J and L3 respectively. 
Let us note that the system of states is equivalent to one 
of a pair of coupled oscillators. The angular momentum 
corresponds to the total occupation number 



2j = ?^a - sgn K Ub. 



(19) 



One can see that the spectrum has different structure 
depending on the sign of k. Indeed, for k < (or equiv- 
alently, B > cti^/eO), the angular momentum 2j and 
the occupation number Ua corresponding to the operator 
|xp/26', take the values 



Ua = 0, 1, . 

2j = na,na 



(20) 



For K > (B < cU /eO) corresponding to the non- 
compact case Q — su(l, 1), the eigenvalues of the angular 
momentum 2j and of the operator |xp/20, respectively 
take the values 



na 



0,1,. 

—00, . 



-1,0,1, ...,na 



(21) 



Thus, the character of the spectrum essentially depends 
on the value of magnetic field: for BO < cTi' j e the angu- 
lar momentum has the upper bound, equal to the eigen- 
value of the operator |xp/20, while for B9 > ch} j e the 
eigenvalue o/|xp/26' becomes the lower bound for the an- 
gular momentum. 



The spectrum 

In the basis ( p^ ) the Hamiltonian ( p^ ) splits in the 
diagonal part given by first and third lines and non- 
diagonal part given by the second line. Let us consider 
the diagonal part given by the third line of (^4|) as the 
bare Hamiltonian. The remaining part can be considered 
as a perturbation of the order Then perturbation 

expansion around the critical point k = applies when 



(22) 



The energy spectrum of the non-perturbed Hamiltonian 
is given by the expression (pi]). 

The first order correction to the n— th energy level van- 
ishes, while the computation of the second order correc- 
tion yields the result 
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^pert ^ kTi {2j - n) / n + 1 _ n_ 
\K\h^{n+ 1/2) 
h^{n+ 1/2) 



(23) 



V{20n + e), 



where 



fir. 



^2 yV(20n + 0)- V(20n - + 



Beyond this, in the compact case {Q = su{2), k < 
0), one can compute exactly some energy levels in the 
"lower" (i.e. corresponding to small j) part of the spec- 
trum. In the mentioned case, the half-integer eigenvalues 
j and / span the range j — 0, 1/2, 1, . . . and —j<l< j- 
This happens due to finite dimensionality of the irreps 
of Q. The Hamiltonian acts invariantly in each irrep be- 
cause it commutes with the Casimir operator J. There- 
fore, the problem of diagonalisation of the Hamiltonian 
in the whole Hilbert space reduces to "smaller" problems 
of diagonalisation in each finitc-dimcnsional irrep. 

Thus, the eigenvectors of H can be represented as lin- 
ear combination of basis elements with the same number 
j, 

|j, s) = ^ Cl'-'^ \j, 1} , H \j, s) = £;(,,,) |j, s) , (24) 

l=-3 

where C;*-"''^'' = {j,l |j, s), and half-integer number s enu- 
merates energy levels inside irrep. 

The second equation in ( p^ ) can be rewritten as a set 
of 2j + 1 linear equations for Ci (we drop the superscripts 



{\^\ij- l)+vij+l)-e) Ci 



(25) 



where we introduced shorthand notations for e and v{j - 
I) implicitly defined by the equations 



E^-^e + -il + \.\)]+Vi0) 



and 



v{j + l)=J + l + ^ {V{0{j +1 + 1))- V{0)) . 

This defines a, 2j + 1 dimensional eigenvalue problem 
which can be solved by standard linear algebra methods 
for not very large j, as well as numerically if j is large. 
In particular, for j = and j — 1/2 the corresponding 
energy levels are given by, 



-£'(0,0) = l'^(^) 



(26) 



and 



fl0 



± 



± 



^'""S +(ii-\n\)^ + ivm-v{0)) 



(27) 

1/2 



respectively. 

Let us note, however, that the lowest j states do not 
necessarily correspond to the lowest energy levels. De- 
pending on the form of the potential, the higher j states 
may have eigenvalues of the Hamiltonian located in the 
lower part of the spectrum. 

Unfortunately, in the case when k > we cannot per- 
form the same analysis since in this case the representa- 
tions of su(l, 1) are infinite dimensional. 



Example: Harmonic Oscillator 

Consider the particular case of harmonic oscillator, 

V=^. (28) 



In this case one can solve the spectrum exactly for any 
value of K (see also |l4j). Our results agree with men- 
tioned ones. Let us diagonalize the Hamiltonian, per- 
forming the appropriate (pseudo)unitary transformation; 



U ■ 



(29) 



where the matrix U belong to SU(1,1) for k > and to 
SU(2) for K<0. Explicitly, 



/ cosh xe 



U 



''^/^ sinhxe'''/'' 
\ sinhxe""^/^ cosh^e""^/^ 



for K > 



cosxe 
- sin xe 



i7r/4 



smxe 



i7r/4 



"/^ cosxe"'''/'* 



for K <0, 

(30) 

where "angle" x is given by the following relations, 
tanh-*(2v^/(£:-|-K)), for k > 



2x 



tan-i(2V^/(f + n)), for k < 



(31) 



We have used here the notation £ ^ 1 + {fiuj0/h) . 
The diagonalized Hamiltonian reads. 

Hose = ^nui+ib+b'' + b^b+) + i;icj_(a+a" + a"a+), 



(32) 



where 



3 



2fi9uj± 

i(£'-K)±i^(f + k)2-4k. 
Hence, the spectrum is of the form 



pose 

"1 ,"2 



(33) 



(34) 



Let us recaU that the transformation ( |30| ) befongs to 
the symmetry group of the rotational momentum J. 
Therefore in new variables its eigenvalues are given by 
the following equation, 



J =ni 



sgn K n2 , 



(35) 



where ni, n2 = 0, 1, 2, . . . . 

In particular, the vacuum energy corresponding to dif- 
ferent signs of K looks as follows. 



- k)2 + 4k(£' - 1), for K > 0, 



and 



/lo = ^ (^ - k) : 



for K < 0. 



Concluding Remarks 

In this paper we considered a two-dimensional cen- 
tral symmetric noncommutative mechanical model in the 
presence of magnetic field. We have shown that in the 
case when magnetic field is smaller than some critical 
value the spectrum of the model is organized according 
to representations of algebra su(l,l) while for the mag- 
netic field beyond this value it "reorganizes" according 
to representations of su(2). This algebras are symmetry 
algebras of the rotational momentum operator in these 
two cases. These cases are physically different. In par- 
ticular in the first one the possible values of rotational 
momentum span both positive and negative half-integer 
numbers while in the second case only positive orbital 
numbers are allowed. This may lead to the conclusion 
that in the presence of a strong magnetic field properly 
oriented with respect to inverse noncommutativity pa- 
rameter the spinning properties of the noncommuta- 
tive particle are gravely affected. 

As an example we considered the particular case of the 
harmonic oscillator. Our results appear to be in agree- 
ment with the ones previously known in the literature. 
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